We introduce a novel mechanism to develop a turbulent flow in a spinor Bose-Einstein condensate, consisting in the stirring of a single line vortex by means of an external magnetic field. We find that density and velocity fluctuations have white-noise power spectra at large frequencies and that Kolmogorov 5/3 law is obeyed in the turbulent region. As the stirring is turned off, the flow decays to an agitated non-equilibrium state that shows an energy bottleneck crossover at small length scales. We demonstrate our findings by numerically solving two-state spinor coupled 3D
The s-BEC is confined by an isotropic harmonic trap of frequency ω, with atomic mass m, contact interactions independent of the spinor component g = 4πh 2 aN/m, with a the common scattering length and N the number of atoms. σ x and σ y are Pauli matrices. In dimensionless unitsh = m = ω = 1, we use g = 8000; this may represent N = 10 5 87 Rb atoms, with a = 50Å, confined in a dipolar optical trap with ω = (2π)100 Hz. These data are close to the actual values of the two hyperfine states F = 1, m F = −1 and F = 2, m F = 2 in 87 Rb, see Ref. [22] . A dimensionless time unit corresponds to 1.6 ms approximately. In the above equations m 0 is the atom magnetic moment; we consider the magnetic field as,
where κ = 1.0 in dimensionless units, and y 0 and Ω are the amplitude and frequency of the temporal excitation. Initially, for times t ≤ 0, we set y 0 = 0 and let the system reach its stationary ground state. The solution is ψ α ( r, t) = e −iµt/h ψ 0 α ( r), where µ ≈ 15.5 is the chemical potential and ψ 0 α ( r) is a solution with a single vortex line of charge +1 in the α = + component at x = y = 0, and with a density spike in the same spatial region for component α = −; see Ref. [15] for details of how this solution is obtained. One can also check that the expectation value of angular momentum is different from zero only in z−direction of the α = + component. Fig. 1 shows density plots of this vortex solution. We recall that, by writing φ α = |ψ α |e iφα , the density and velocity fields are given by ρ α = |ψ α | 2 and v α =h∇φ α /m. In Ref. [23] a thorough discussion of the hydrodynamical formulation of spinor BEC is given.
At t = 0, the excitation is turned on, namely y 0 = 0 in Eq. (2). The excitation is quite simple, the line with zero magnetic field oscillates along the y−direction with amplitude y 0 and frequency Ω. Nonetheless, the ensuing superfluid flow behavior is quite complex, depending on the values of y 0 and Ω and on the time the oscillation is kept on. We have made an extensive study of these variables (not shown here) and found that that there are threshold values of y 0 and Ω, above which, a complicated turbulent flow pattern appears. We also find that angular momentum is excited in all spatial and spinor components. For the purposes of the present article, we have chosen the values y 0 = 1.0, about 1/7 the Thomas-Fermi radius of the condensate, and Ω equal to half the trap frequency ω, this way avoiding resonances of collective motions [24] .
We study three different excitation cases, (I) the excitation is never stopped; (II) the excitation is kept for a time τ e = 5(2π)/Ω, then the external magnetic field is ramped down, κ → 0, linearly in a time 0.4τ e ; and (III) the excitation is kept for the time τ e , the field returns to its initial value but it is never turned off. Due to the lack of an energy dissipation mechanism, the excitation injects energy into the system and remains there. Therefore, in case (I) energy is kept entering the system, while in the others, energy is only received by the system during the excitation time. To be precise, the total energy we monitor is given by the following expression,
In cases (II) and (III) the energy is constant after the excitation stops and the system appears to reach a non-equilibrium stationary state. A way to determine such a stationary state is by monitoring the total average angular momentum (not shown here), which tends to a stable value after a somewhat long time of the order of 2τ e .
As shown below, we analyze several statistical properties of the stationary state. Since the fluid is compressible, Kelvin waves and phonon excitations appear to be generated creating bursts in the velocity field. Although a naive idea about a inviscid flow might lead us to believe that a portion of a superfluid cannot efficiently drag its surroundings, one clearly sees that this is not the case; namely, the fluid appears as being effectively stirred by the motion of the magnetic field, and its lagging behind creates a wake that breaks into the observed vortex and phonon excitations. This, unavoidably, creates a turbulent state.
The same mechanism appears to be responsible for the decay to an non-equilibrium steady state once the stirring is turned-off.
In Fig. 3 we show snapshots of the flow of cases (II) and (III), at a time later than the excitation time t τ e ; full videos of the whole evolution are also shown in the Supplemental Material [21] . In case (II), while there is no magnetic field in the steady state, the flow appears to remain agitated due to the lack of a dissipation mechanism. Case (III) is particularly interesting because it shows a stationary semi-turbulent state with two additional line vortices in each spinorial component, with topological charge -1 all of them, in addition to the original vortex at the origin, keeping its initial charge +1. The additional vortices orbit around the original vortex with different angular velocities. In case (I), where the excitation is never stopped, the most notorious aspect is that, while vortices and phonons keep being excited, the velocity fields acquire maximum values at the edge of the clouds.
To describe the statistical properties of the stationary state in cases (II) and (III), we consider the following strategy. First, after t = τ e , we let the system evolve until the magnitude of the total angular momentum decays to an almost constant value, signaling a "stationary" state; this time is of the order of 2.0τ e . Then, we let the system evolve another long interval of time, of the order of 6.5τ e , during which we calculate the time average of the density and velocity fields, as well as their fluctuations; that is, 
where the "s" superscript denotes the time-average of the quantity in question. The idea is that, barring low-frequency collective modes, the fluctuating part should capture the expected universal and homogenous turbulent contribution. In Fig. 4 , we present the power spectrum of the fluctuating part, both for density | δρ α ( r, ω)| 2 and velocity | δ v α ( r, ω)| 2 fields, for the + spin component of (II) and (III) cases, and for two different spatial regions; one in the vicinity of the position of the original line vortex, and the other near the edge of the cloud. The most relevant result is that, the farther the spatial point is from the initial vortex region, the power spectra is essentially white noise. Near the vortex region the spectra shows both white-noise in the ultraviolet region while some kind of 1/f β noise in the low frequency region, with β ≈ 0 − 2.5. This latter behavior may be "contaminated" from low frequency collective modes that cannot be completely removed with the time average. In case (III) the large peaks at low frequency correspond to the orbiting motion of the stable vortices, The second analysis concerns the wavenumber dependence of the incompressible part of the kinetic energy. It is widely believed [4] [5] [6] [7] that in the turbulent region such a dependence should show Kolmogorov "5/3" law [1] , indicating an energy cascade from large to small length scales. This is also true in wave turbulence [25] . Since GP superfluid flow has both compressible and incompressible contributions, we decompose the kinetic energy into both parts [26] and calculate the wave vector dependence of the component α, defined as, the techniques of Refs. [10, [27] [28] [29] . Regarding Kolmogorov law, we find that it is better obeyed in intermediate times, when turbulence is better observed, and that for longer times the long-k accumulation tends to bend the curve, deviating it slightly from the -5/3 slope.
Because our simulated BEC clouds are not very large [20] , it is not clear whether this is deviation is a true or a finite-size effect.
To conclude this Letter, we insist that the present study indicates a very feasible, simple and novel way of producing quantum turbulence in ultracold superfluids. First, in many laboratories, it is now almost routine to produce spinorial BEC in dipolar optical traps, and second, as described in Ref. [15] , the initial line vortex may be fairly simple produced by an arrangement of long wires carrying appropriate electric currents. The stirring may be performed by using AC currents.
Supplemental Material Numerical procedure
The numerical solutions of the two GP coupled equations, Eqs. (1) in the main text, were performed using a 4th order Runge-Kutta method for the time evolution and a finitedifference procedure for the evaluation of the laplacian terms. The initial state was obtained with the relaxation method of Ref. [30] . The code was implemented to be performed in parallel in graphic processor units (GPU); in particular, the finite-difference method was implemented to exploit the GPU's textures memory. The code was developed in py-CUDA
[31], a variation of Python [32] that includes CUDA [33] . The calculations were performed in a Tesla C2075 GPU with 532 cores [34] . A typical run of 3.5 × 
Time evolution of cases (I), (II) and (III)
As indicated in the main text, we present here full videos of the time evolution of the three excitation cases, (I) the excitation is never stopped; (II) the excitation is kept for a time τ e = 5(2π)/Ω, then the external magnetic field is ramped down, κ → 0, linearly in a time 0.4τ e ; and (III) the excitation is kept for the time τ e , the field returns to its initial value but it is never turned off. The excitation time is τ e ≈ 62.8 units of time. The videos are labeled Video I, Video II and Video III, with their respective URL addresses given below.
In each video we show 8 frames, the upper 4-ones corresponding to component α = +, the lower 4-ones to α = −. In each row we show one density plot, as seen from the z-axis, and three velocity plots, as seen from the three axis. The velocity plots show the regions where the magnitude of the velocity is larger than a given threshold, thus, the vortices are enhanced. In Fig. 6 below, we show a color-coded bar for the density plots. On top of each video there is bar indicating the elapsed time. The "Excitation" label refers to the situation when the external field is oscillating; the "Relaxation" is an estimated time during which the expectation value of the angular momentum relaxes to an approximately constant value;
and the "Study time" to the interval during which fluctuations power spectra of Fig. 4 were Because in this case the excitation never stops, energy keeps entering the system and the flow never reaches any kind of stationary state, due to its lack of a dissipative mechanism.
One sees excitations emerging continuously and vortices seem to appear and disappear at the edges of the cloud. At the same time, one sees localized excitations, where the velocity is large, mostly accumulating at the edges of the cloud. We believe these are acoustic excitations. At the final stages of the video the images hardly allows to discern if there are vortex tangles inside the cloud, since most of the velocity excitations, as mentioned, are accumulated at the borders of the clouds.
Video II
http://www.youtube.com/watch?v=UftnkLtRWbU
In this case, the magnetic field is turned-off, namely, κ is ramped down linearly to 0. This is indicated in the yellow section of the time-bar marked as "Off". We can see that as long as κ = 0 the two components show the same vortices plus the original vortex that is only present in one and that keeps switching between components. When κ reaches 0 at the beginning of the green section of the time bar marked as "Relaxation" both components show a similar behavior, but after a while they start showing an independent evolution. This is clearer in the "Study Time" (in red on the time bar) where one can see that when a ring vortex is formed in one component there is no trace of it in the other, rather it may present linear vortices as seen in t ≈ 250. Another aspect worth mentioning is that it seems that the energy is accumulated at the edge of the cloud, by the end of the "Excitation Time". This is seen as purple spots all around the vortices that tend to fade towards the end of the video, where we can see simply sporadical formation of vortices without the purple spots.
This is a non-equilibrium stationary state.
Video III
http://www.youtube.com/watch?v=3cr5TQNVoeM
In this case the magnetic field oscillates for t e = 62. We thank support from grant DGAPA UNAM IN108812. * romero@fisica.unam.mx
